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Radio Interferometry — Measurement Equations

VP (v,t) ~ M,(v,t)S,(v,t)|] 1(1,m)e’™" ™ dl dm
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Imaging & Deconvolution
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Imaging & Deconvolution
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/

Observed or
Calibrated
visibilities
(Data)

|

v

Gridding
+
IFFT
+
Normalization

+

Iobs

Imaging & Deconvolution
eZni(ul+vm)dl dm

, Sl.j(v,t)ﬂl(l,m o
SO

Direction UV sampling Sky Brightness Fourier transform
Independent pattern (Image) kernel
Gains

I"bs(l m) = 1PSF<1 m) * 15@(1 m)

Algorithms :

Clean, MS-Clean, Asp, etc... [ Ref: Imaging : D. Wilner ]



All together....

VE(v,t) ~ My(v,t)S(v,t) || 1(1,m)e* ™™ dldm
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Self-Calibration

VE(v,t) ~ My(v,t)S(v,t) || 1(1,m)e* ™™ dldm
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Radio Interferometry — Measurement Equations

Ver(v,t) ~ M(v,t) Sij(v,t)ﬂ I(l,m)ezm(“fj’vmdl dm

Observed or Direction UV sampling Sky Brightness Fourier transform
Calibrated Independent pattern (Image) kernel

visibilities Gains

(Data)

This is only an approximation.....



Radio Interferometry — Measurement Equations

VE(v,t) ~ My(v,t)S(v,t) ] 1(1,m)e* ™™ dldm

Vg.bs(v,t):Ml( (v, t) [[| M (1,m, v, 0)I(1,m,v,¢t)e>™ ") d] dm dn
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Radio Interferometry — Measurement Equations

Vo' (v,t) ~ Ml.j(v,t)Sij(v,t)ﬂ 1(1,m)e*™"*™ gl dm

y

Vz'bs(\’,t):MU(V,t)Sij(v,t)fﬂ ij(l,m,v,t)I(l,m,v,t)ezm(umm*w(”_l))dldmdn
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Gains function Effects with frequency (time)

Primary beams and signal propagation effects...



Wide-Field Imaging : Direction dependent effects
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VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn
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Wide-Field Imaging : Direction dependent effects
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VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn
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Wide-Field Imaging : Direction dependent effects

Vg.bs(v,t)ZMl.j(V,t)Sij(v,t)fﬂ ij(l,m,v,t)I(l,m,\/,t)ezm(”’”m““w(”_l))dldmdn
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Forward Gain

»;u;;;\;\» Antenna ReSponse
,,,,, Pattern

- beam shape

- pointing offset
Antenna signal chain g (mosaic)



Wide-Field Imaging : Calibration + Imaging

Vg.bs(v,t)ZMl.j(V,t)Sij(v,t)fﬂ ij(l,m,v,t)I(l,m,\/,t)ezm(”’”m““w(”_l))dldmdn
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Direction 4 Direction ”
Independent Dependent
i Effect
Gains * eis A On-axis gains : Calibration

Off-axis effects : Use primary-beam or
3 | aperture models
A in Imaging

Refractive Effects |

Fe d Gai
orward Gain What models ?

P B Antenna Response
””” Pattern . .
- Theoretical, or measured+fitted
| - beam shape (ray-traced, holography, ionosphere maps)
§ - pointing offset
Antenna signal chain <. (mosaic) (or)

- Solve for DD gains or PB model params
from the data themselves
( direction-dependent calibration )



Primary Beams

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn
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Primary Beam
for baseline ij

Primary Beams

Direction 4
Dependent

Effects

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn

The Sky is multiplied by a Primary Beam,
before being sampled by each baseline

IObS<l,m>: Zij,t,v I

PSF
ij

(L,m,t,v) * [Py(1,m,t,v)-I%(1,m)

=> No longer a simple convolution equation



Image-domain Primary Beam Correction (pbcor)

Vg.bs(v,t)ZMU(V,t)SU(V,t)”f ij(l,m,v,t)I(l,m,v,t)ezm(”’”m““w(”_l))dldmdn

Direction 4
Dependent
Effects

Output Image = PB x Sky PB-corrected Image : Sky

Assume identical and invariant
primary beams.

IObS:IpSf*[P. Isky

Divide out an average primary
beam model after deconvolution

This is approximate

=> Dynamic range limits...




A-Projection : Apply correction in UV-domain

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn

y

Direction
Dependent
Effects

When primary beams change across baseline, time, freq....

ij *
T
o -1 Aij
For each visibility, apply A; ~———
Aij*Aij

Use Ag as the convolution function during gridding




A-Projection : Apply correction in UV-domain

y

Direction
Dependent
Effects

When primary beams change across baseline, time, freq....

=12 %p, . 1] < » V=S, |Ax VY

ij = Tij

For each visibility, apply A~

Use Ag as the convolution function during gridding

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn

Aperture lllumination for antennas i and j :

P.

ij

= E,.E=FT|A*A}|=FT|A,]

Meale

Ray-traced Model
(or) Zernicke fits to
holography data




A-Projection : Apply correction in UV-domain

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn

y

Direction 4
Dependent
Effects

When primary beams change across baseline, time, freq....

For each visibility, apply AU_'INT—
Aij * Aij

Use A5 as the convolution function during gridding




Mosaicking via A-Projection

Vg.bs(\/,t)ZMU(V,t)SU(V,t)Hf ij(l,m,v,t)I(l,m,v,t)ezm(””vm““w(”_l))dldmdn

Direction
Dependent
Effects

A-Projection : Use aperture illumination functions to
construct gridding convolution functions.

T
Use Aii a5 the , Add a phase gradient
convolution function

o
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FT => Primary Beam FT => Shift the Primary Beam



Mosaicking via A-Projection

Vg-bs(\/,t)ZMU(V,t)Sij(V,t>fff ij(l,m,v,t)[(l,m,v,t)e2“i(”’+v’”+w(”_1))dldmdn

Direction
Dependent
Effects

Each pointing is gridded
with a different phase
gradient => shift the PB

A-Projection : Use aperture illumination functions to
construct gridding convolution functions.

T
Use Aii a5 the , Add a phase gradient
convolution function
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FT => Primary Beam FT => Shift the Primary Beam



Mosaicking via A-Projection

Vg.bs(\/,t)ZMU(V,t)SU(V,t)fﬂ ij(l,m,v,t)I(l,m,v,t)e2“i(”’+v’”+w(”_1))dldmdn

Direction
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A-Projection : Use aperture illumination functions to
construct gridding convolution functions.

T
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Mosaicking via A-Projection

Vg.bs(\/,t)ZMU(V,t)SU(V,t)Hf ij(l,m,v,t)I(l,m,v,t)eZ“i(”’+vm+W(”_1))dldmdn

Direction
Dependent
Effects

Each pointing is gridded
with a different phase
gradient => shift the PB

A-Projection : Use aperture illumination functions to
construct gridding convolution functions.

T
Use Aii a5 the , Add a phase gradient
convolution function

o

/)

FT => Primary Beam FT => Shift the Primary Beam



Polarization : Full-Mueller A-Projection

VP (v, t)=M,(v,t)S,(v,t) [[| M;(1,m,v,e)1(1,m,v,t)e™ ™" dl dmdn

y

Direction 4
Dependent
Effects

Full polarization primary beams
- Needed for IQUV imaging over the full PB

- Account for direction-dependent
Polarization leakage.

Full-Mueller A-Projection applies the conjugate
transpose of the full matrix

=> A;.‘; is a 4x4 matrix application

Images from P.Jagannathan



Radio Interferometry — Measurement Equations

Vg.bs(\/,t)ZMij(V,t)Sij(V,t)fff ij(l,m,v,t)I(l,m,v,t)ezm(”’”m*W(”_l))dldmdn
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W-Term effect...



Wide-Field Imaging : Non-coplanar baselines / W-term

Vg.bs(v,t)ZMl.j(V,t)Sij(v,t)fﬂ ij(l,m,v,t)I(l,m,\/,t)ezm(”’”m““w(”_l))dldmdn

W-Term
Effect of Sky
Curvature
% I A known
Tangent Y —— ¥ * * geometric
Plane / | h \\\ \\‘\\‘ effect
L = P A . Algorithms
s >
I — 3D Imaging,
? ? (%) W-stacking,
% % Faceting,

W-Projection

For a field-of-view given by the Primary Beam of an . B
antenna of diameter D, at wavelength A and with The w-term becomes relevant if F>1
a maximum baseline length of B.... See R.Perley’s talks



W-term : Faceting

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™ ™" dl dmdn

y

W-Term

§/ \\ Algorithm Variants:

;: - ' Phase center .::
/ BL_] dircction \ Deconvolve facets separately before re-
f f;;__a_; \ projecting and stitching
' R : |

:.t ||'\.\
h " (or)

, _ Image all facets onto the same tangent
- Approximate the celestial sphere by a set of tangent plane grid and perform a joint deconvolution.
planes (facets) such that 2D geometry is valid per facet

- Image each facet with its own phase reference center
and re-project to the tangent plane



W-term : W-Projection

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™ ™" dl dmdn

Tangent plane direction W_Te rm

For ideal 2D imaging we need to measure El
Instead, we measure £,

E and E,are related by a Fresnel

diffraction/propagation kernel.

G(u,v,w)IFT[ezmwﬁz_—m2



W-term : W-Projection

Vo (v )=M(v, t)SiJ.(v,t)ﬂf M; (1, m,v,t)I(l,m,v Jt) e rmev(n=U) g dm dn
Tangent plane direction W-Term

W-term appears as a convolution in the UV-domain

Vou,v,w)=V(u,v,w=0)*G(u,v,w)

=> Correct it by another convolution
with the inverse/conjugate kernel
(during the gridding step) s

For ideal 2D imaging we need to measure El
Instead, we measure £,

<l

E;and E, are related by a Fresnel => Use different kernels for different “ .

diffraction/propagation kernel. W values (appropriately quantized)

G(u,v,w

\j
]!

)IFT[ezmwmz_—mz



W-Term : Algorithm Comparison

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™ ™" dl dmdn

ij
a
W-Term
2D Imaging Facet Imaging W-Projection




Correcting all Direction Dependent effects together......

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™ ™" dl dmdn

y

Direction
Dependent W-term
Effects
v
A <
o R 3
A-W-Projection : Correct multiple Direction Dependent effects together, during gridding -
F
The gridding convolution function (per visibility) is a combination of the following......
> i
Aperture illumination Prolate Phase
functions ( ij, time, freq, pol ) FT of Fresnel kernels Spheroidal gradient

oo @ B

Primary Beams W-term effects Anti-Aliasing Filter Mosaic




Radio Interferometry — Measurement Equations

Vg.bs(\/,t)ZMij(V,t)Sij(V,t)fff ij(l,m,v,t)I(l,m,v,t)ezm(”’”m*W(”_l))dldmdn
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////// A
iraction A& , Direction ”
ﬁ\'geecpté%r;ent UV sampling Dependent Sky-brightness varies W-Term
Gains function Effects with frequency and time

Wide-Band Effects.....



Wide-Band Imaging

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn

y

UV sampling Primary Beam varies Sky-brightness varies

function with frequency with frequency
Frequency Range : (1-2 GHz) (4 - 8 GHz) (8 - 12 GHz)
Bandwidth : V.= Vi 1 GHz 4 GHz 4 GHz
Bandwidth Ratio : V,u: Vi 2:1 2:1 1.5:1
Fractional Bandwidth : (v, —v_J)/v ..  66% 66% 40%

+ Imaging sensitivity improves with increased bandwidth

- Frequency dependent effects (sky and instrument) are stronger with increased bandwidth




Multi-Frequency Synthesis

Ver(v,t)=M(v,t)S,(v,t ﬂ M (L,m,v,t)I(l,m,v,t)e’™ ™" dl dm dn
UV sampling
function

1.0 GHz _ 15 GHz _ 2.0 GHz

Observed image : [9°=["%PSF,



Multi-Frequency Synthesis

b _ 2mi(ul+vm n—1
Ver(v,t)=M(v,t)S,(v,t ﬂ M (L,m,v,t)I(l,m,v,t)e’™ ™" dl dm dn
UV sampling
function
1.0 GHz 1.5 GHz 2.0 GHz

Multi-Frequency Synthesis

Combine data from multiple
channels

- Improve PSF
- Improve SNR

Observed image : [9°=["%PSF,

obs
wb

9% PSF

=




Multi-Frequency Synthesis

Ver(v,t)=M(v,t)S,(v,t ﬂ M (L,m,v,t)I(l,m,v,t)e’™ ™" dl dm dn

UV sampling
function

1.0 GHz _ 15 GHz _ 2.0 GHz

Observed image : [9°=["%PSF,

Sky-brightness varies
with frequency

Multi-Frequency Synthesis

Combine data from multiple
channels

- Improve PSF
- Improve SNR

it
v
E blackbody radiation |
8 synchrotron emission |
I\ low energy electrons Y
10 ..'._ free-free emission / "‘
s i) .|I
! ¢
/
/ |
/

Flux Density (arbltrary units)
-

. \
0.1 ¥ \ / i
1 \ synchroiron emission
| /:/ high energy electrons ||
A 1

I \ N
0.01 ey
o1 1 10 100 1000

obs
wb

9% PSF
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Frequency (GHz)




Wide-band Deconvolution

VP (v, t)=M,(v,t)S,(v,t) [[| M;(1,m,v,e)1(1,m,v,t)e™ ™" dl dmdn

y

UV sampling Sky-brightness varies
function with frequency

Cube Imaging :

(1) Reconstruct each chan/spw separately
(2) Smooth to the lowest available resolution
(3) Combine to calculate continuum and spectra

Continuum image

(sum of smoothed
channel maps)




Wide-band Deconvolution

Vg.bs(v,t)ZMU(V,t)SU(V,t)ﬂ_f ij(l,m,v,t)I(l,m,v,t)ezm(””vm*W(”_l))dldmdn

UV sampling Sky-brightness varies
function with frequency

Cube Imaging : Multi-Frequency-Synthesis (MFS) :

(1) Reconstruct each chan/spw separately
(2) Smooth to the lowest available resolution
(3) Combine to calculate continuum and spectra

iglssTest 3 2t 25t 20 18 tsotest a2 20 s 'somast 3 307 5t 20 1s% tesTest  as ot 28 20t s Pesast st g0t vt a0 st
2009 Right fscensior 2000 Right fscersior R —— e —— <2030 Rignt sscersion

Continuum image

Combine data from all frequencies and do a joint
reconstruction

Flat-spectrum
assumption

Intensity

Model intensity and
spectrum together :

IP=21

t

(sum of smoothed
channel maps)

Vo

IntenS|ty Spectral Index




Wide Band + Wide Field : Frequency-dependent Primary Beams

Ver(v,t) =M, (v,6) S, (v.,t) [[| Mi(L,m,v,t)I(1,m,v,t)e*™ ™" d] dm dn

4

Primary Beam varies
with frequency

Average PBs

Spectral Index of PB
(About -1.4 at the HPBW)

L=, [T

% PSF,



Wide Band + Wide Field : Frequency-dependent Primary Beams

VP (v, t)=M,(v,t)S,(v,t) [J| M;(1,m,v,e)1(1,m,v,t)e™" ™" dl dmdn

4

Primary Beam varies
with frequency

Cube Imaging

-- Sky model represents I (v)P(v)
-- Divide the output image at each frequency byP(v}

Multi-Term MFS + Wideband-PBcor

; 1. -- Taylor coefficients represent J(v)P(v)
. . _ -- Polynomial division (IgI715...) =11y
by PB Taylor coefficients (p,p, p,..) % "t 2™

Wideband A-Projection

-- Remove P(v]during gridding (before model fitting)

Average PBs -
Spectral Index of PB AT

_ . p2
(About -1.4 at the HPBW) A,'~——<— Wwhere P P, =P,
Ay %A
v, v
IObS — Z [ p _Isky * PSF -- Output spectral index image represents only the sky
wf ,wb v A v




Wide Band Mosaics

Mij(v,t)Sij(v,t)fﬂ ij(l,m,v,t)I(l,m,v,t)ezm(“mmw("_l))dldmdn

Spacing : 15.0 arcmin. \
1.61.82.0

Frequencies : 10 1.21.4

4

Primary Beam varies
with frequency

A0

Cont PE (flat spectrum)

32
: 28
24
2.0
16

-20
12

—an
0.8

=60
0.4

=60 -40 =20 a

—“en

—40 -20

o

20

&0

&0

Beam Spectral Index

—-&0 —40 -30 o 20 40 Bl

The mosaic primary beam has an artificial
spectral index all over the F-O-V

=> There is no part of the mosaic that is free

from wideband primary-beam effects.

Algorithms :
Combinations of.....

- Stitched vs
Joint Mosaics

- Cube vs MFS

- PBCor vs A-Projection
Different numerical
accuracies and compute

costs.

Depends on the sky.



Radio Interferometry — Measurement Equations

Vg.bs(\/,t)ZMij(V,t)Sij(V,t)fff ij(l,m,v,t)I(l,m,v,t)ezm(”’”m*W(”_l))dldmdn

///

-

- ¥ A
Direction 4 . .
Independent UV sampling Direction Sky-brightness varies W-term
Gains function Dependent with frequency and time
Effects

Put it all together.....



Radio Interferometry — Measurement Equations

Vg.bs(v,t)ZMij(V,t)S,.j(v,t)fﬂ ij(l,m,v,t)I(l,m,v,t)ezm(”’”m*W(”_l))dldmdn

//

- ¥ A
Direction 4 . .
Independent UV sampling Direction Sky-brightness varies W-term
Gains function Dependent with frequency and time

Effects

Calibration



Radio Interferometry — Measurement Equations

y

VP (v,0) =My (v,0)S,(v,o) [ M (L,m,v, o) 1(1,m,v, )™ ™" 4] dm dn

///

-

~
— -
~ D
— A

Direction 4 r . .
Independent UV sampling Direction Sky-brightness varies W-lerm
Gains function Dependent with frequency and time
Effects
Calibration
A y
=> Multiplicative effect in the image domain Imaging

=> Convolutions in the visibility domain



Radio Interferometry — Measurement Equations

Vo (v, t) =M, (v,6) S, (v.t) [[| Mi(L,m,v,0)I(1,m,v,t)e*™ ™" d] dm dn

—
-
-
-

_— ’ A
Direction 4 . .
Independent UV sampling Direction Sky-brightness varies W-lerm
Gains function Dependent with frequency and time
Effects
Calibration Deconvolution

Image reconstruction
(in the image domain )

Cube, Multi-term WB, etc

<4

=> Multiplicative effect in the image domain Imaging
=> Convolutions in the visibility domain



Radio Interferometry — Measurement Equations

obs _ s 2mi(ul+vm+w(n—1))
Vi (v,t)—Mij(v,t)Sij(v,t)fﬂ MU.(I, m,v,t)I(l,m,v,t)e dldmdn
/////// ’ a
Direction 4 . .
: - - - W-Term
Independent UV sampling Direction Slfg/ht]’cpeghtgﬁis ;ﬁge’fme
Gains function Dependent Wi quency !
Effects
Calibration Deconvolution
Image reconstruction
(in the image domain )
Cube, Multi-term WB, etc
»
=> Multiplicative effect in the image domain Imaging
=> Convolutions in the visibility domain
Self-Calibration

Direction-dependent Self-Cal

Wideband Self-Cal



Direction-dependent Self-Calibration

Vg.bs(v,t)ZMl.j(V,t)Sij(v,t)fﬂ ij(l,m,v,t)I(l,m,\/,t)ezm(”’”m““w(”_l))dldmdn

Direction 4

: ' ' Sky-brightness varies W-Term
Independent UV samplin Direction . :
GainFs) functionp J Dependent with frequency and time

Effects

Model the sky and instrument separately Model the sky and instrument together
Parameterize the aperture illumination function Joint solutions for gains in multiple directions
- Solve for pointing offsets . - Does not use a known PB model
- Solve for ionospheric propagation effects - Difficult to get accurate source flux

- Good approach for source-subtraction
Algorithms : DD-facets, etc....

30

Algorithms : Pointing Self-Cal (with A-Proj)

/)



Radio Interferometry — Measurement Equations

Vg.bs(v,t)ZMU(V,t)SU(V,t)”f ij(l,m,v,t)I(l,m,v,t)ezm(”’”m*W(”_l))dldmdn

///

-

- ¥ A
Direction 4 . .
Independent UV sampling Direction Sky-brightness varies W-term
Gains function Dependent with frequency and time
Effects

How are these algorithms realized in software...... ?



Iterative Image Reconstruction

The generalized forward problem VObS:[A] I™+n L2 data regularization

+ Sky model (multiscale, wideband, timevar)
The generalized inverse problem Im:[A]—lvobS + Solver/Optimizer with constraints/biases
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