ALMA Memo. No. 479

Requirements for Subreflector and Feed

Positioning for ALMA Antennas

Bryan J. Butler National Radio Astronomy Observatory

2003-Dec-08

Abstract

This memo presents some calculations related to requirements on subreflector and feed positioning for the ALMA antennas. In order to keep gain loss at less than 1%, the axial (vertical) positioning error in the subreflector should be less than about 0.09 λ, and in the feed should be less than about 0.9 λ. The lateral positioning error for the subreflector should be less than about 0.45 λ, and for the feed should be less than about 10 λ. The rotational (tilt) error of the subreflector should be less than about 5.5 λ_{mm} arcminutes if the rotation is about the vertex of the subreflector. If the rotation is about the prime focus, then this error can be much larger: about √ λ_{mm} degrees.

1 Introduction

Incorrect positioning of the subreflector and feeds of the ALMA antennas will result in a loss in gain. There are other more subtle effects (like changing the primary beam shape and the phase across the primary beam, which are issues for mosaicing), but these are not treated in this memo - only the loss in gain from errors in subreflector and feed positioning.

2 Theory

This study is based nearly completely on an unpublished note written by John Ruze in 1969 titled “Small Displacements in Parabolic Reflectors.” A similar treatment of this problem, but for displacements of the feeds for the MMA antennas, is in Shillue (1997). An unpublished note by James Lamb (“Verification of Ruze Formulas By Comparison with Ray-Tracing”, dated 2001-May-09) gives a correction of the formulas in Ruze’s note, making sure that the sign conventions are always consistent, and not normalizing the path error to the on-axis error (this allows for the effects of multiple offsets to be added in the aperture plane all at once). This note is included here as Appendix A. Using polar coordinates in the aperture plane r and ϕ, the phase errors resulting from incorrect feed or subreflector positioning are denoted δ(r, ϕ). Given the subreflector offsets, the form of δ(r, ϕ) can be explicitly written, and for a Cassegrain reflector (as for ALMA) are shown in Table 1 (taken from Lamb 2001).

The geometrical quantities in Table 1 are:

θ_p = angle between optical axis and a ray from the feed to the subreflector;

θ_f = angle between optical axis and a ray from the subreflector to the main reflector;

M = antenna magnification;

c − a = distance from primary focus to subreflector surface along the optical axis.

Table 1: Form of Phase Errors for Given Subreflector Offsets.

type δ(r, ϕ)

feed axial displacement (Δz_f ) −

2πΔz_f λ cos θ_f

feed lateral displacement (Δr_f ) −

2πΔr_f λ sin θ_p cos ϕ

subreflector axial displacement (Δz_s)

2πΔz_s λ ( cos θ_p + cos θ_f )

subreflector lateral displacement (Δr_s) −

2πΔr_s λ [ sin θ_p − sin θ_f ] cos ϕ

subreflector rotation (Δα) −

2πΔα |c − a| λ [ sin θ_p + M sin θ_f ] cos ϕ

For the ALMA antennas, M is 20, and to first order, we can assume that c − a = f/M for focal length f, which is 4.8 m for the ALMA antennas (Lamb 1999).

Given the phase error across the aperture, the loss in gain is calculated via (equation 3 of Ruze 1969): G G_o

= 1 − δ^2 + δ^2 , (1)

where

δ^2 =

∫_{2π} 0 ∫_1 0 f(r, ϕ) δ^2(r, ϕ) r dr dϕ ∫_{2π} 0 ∫_1 0 f(r, ϕ) r dr dϕ

, (2)

and δ = ∫_{2π} 0 ∫_1 0 f(r, ϕ) δ(r, ϕ) r dr dϕ ∫_{2π} 0 ∫_1 0 f(r, ϕ) r dr dϕ

. (3)

The function f(r, ϕ) is the feed illumination function, which to first order can be assumed to be: f(r) = 1 − ar^2. For a 12dB Gaussian taper on the feed illumination, a = 0.75, which is the value used in this study.

Before calculating the above integrals, a best-fit linear phase plane across the aperture must be subtracted (this is the equivalent of what offset pointing does for you). This is done by calculating the phase across the aperture and doing a least squares fit for the parameters of the plane, and then subtracting that best-fit plane from the raw calculated phases before calculating the integrals.

Note that the situation for the ALMA antennas is more complicated than this, because the feeds are not all exactly on-axis. To account for the displacement from the optical axis, the subreflector will be shifted laterally to refocus the beam onto the slightly off-axis feeds (Lamb et al. 2001). The analysis here is still correct to first order, though, and allows for limits to be placed on the deviation of the subreflector or feed from its nominal position, whether that is on-axis focus, or slightly offset to focus off-axis.

3 Results

The resultant curves for loss of gain are shown in Figures 1 through 5, as functions of the positioning errors. In order to have the loss in gain be less than 1% from the axial positioning errors, the error in the subreflector should be less than about 0.09 λ, and in the feed should be less than about 0.9 λ. The lateral positioning error for the subreflector should be less than about 0.45 λ, and for the feed should be less than about 10 λ. The rotational (tilt) error of the subreflector should be less than about 5.5 λ_{mm} arcminutes.

3.1 A Comparison

An unpublished note by James Lamb (“Secondary Mirror Positional Tolerances”, dated 1999-Jan-29), contains formulae for the effective rms introduced by subreflector misalignments. This note is included here as Appendix B. One slight difference in that work and this one is that the assumed illumination was different. James assumed uniform illumination, while this work uses an illumination function which approximates a Gaussian taper with an edge taper value of -12 dB. So slightly different results should be expected, but they should be the same to first order. In any case, in order to compare the results here with those, it is necessary to first derive the relationship between effective rms due to optics misalignment and gain loss.

Define the aperture efficiency as:

η_a = η_oe^{−(4πσ′ /λ)2} , (4) for wavelength λ and total rms σ^′. Assume that the total rms is made up of two terms: a main dish component (σ) and an optics misalignment component (ϵ) and that they add in quadrature for the total:

σ^{′2} = σ^2 + ϵ^2 . (5)

Then the ratio of the aperture efficiency with no optics misalignment to that with the optics misalinment is:

R = e^{−(4πϵ/λ)2} . (6)

Since ϵ is small, expand the exponential and drop all higher order terms:

R = 1 − ( 4 π ϵ λ )_2 . (7)

Now, assuming that R = 0.99, as in the treatment above, leaves:

ϵ ∼ 0.008 λ . (8)

3.1.1 Subreflector Lateral Displacement

James’ unpublished note gives:

ϵ = a_1 Δx , (9) where a_1 = 19.1 μm mm^{−1}. For comparison with the results of this memo, substitute Δx = 0.45λ, and ϵ = 0.008λ:

0.008λ = a^′_1 0.45 λ , (10) yielding a^′_1 = 17.8 μm mm^{−1}. This is good agreement.

3.1.2 Subreflector Axial Displacement

James’ unpublished note gives:

ϵ = a_2 Δz , (11) where a_2 = 80.7 μm mm^{−1}. For comparison with the results of this memo, substitute Δx = 0.09λ, and ϵ = 0.008λ:

0.008λ = a^′_2 0.09 λ , (12) yielding a^′_2 = 88.9 μm mm^{−1}. Again, pretty good agreement.

3.1.3 Subreflector Rotation

James’ unpublished note gives:

ϵ = a_3 Δθ^2 , (13)

where a_3 = 8.16 μm deg^{−2}. For comparison with the results of this memo, substitute Δθ = 91.7λ (which is 5.5λ_{mm} arcmin, converted to degrees), and ϵ = 0.008λ:

0.008λ = a^′_3 (91.7 λ)^2 , (14)

yielding a^′_3 = 0.951/λ μm deg^{−2}. Here, there are two immediately apparent problems - the proportionality is different (the dependence on wavelength), and the magnitude is significantly different (order of magnitude at λ = 1 mm: James’ result would allow for a rotational error as large as ∼ 1 deg at 1 mm, while the result here is that it can only be ∼ 6 arcmin at that wavelength). Reducing James’ formula to the allowable error as a function of wavelength gives: Δθ ∼ √ λ_{mm} degrees. This difference can be attributed entirely to the assumption of where the rotational center is. Ruze’s formula assumes that the rotation is about the vertex of the subreflector, while James assumes that the rotation is about the prime focus. These are two endmembers in a sense - best and worst case scenarios. Until the design for the subreflector motion mechanism is finalized, it is difficult to say what the final requirement will be on rotation of the subreflector. At the time the design is finalized and the point about which effective rotations occur is known, a new study should be completed and this issue can be settled. It should be noted, however, that rotations about any other point than the prime focus can be decomposed into a lateral translation and a rotation about the prime focus. For this reason, if the subreflector measurement and adjustment scheme first fixes the lateral translation and then the subreflector rotation, the effective rotation error will be about the prime focus. Furthermore, rotations about non-prime focus locations cause wavefront aberrations which do not add in quadrature with the other aberrations. These two reasons are why James took the approach that he did, and because of this his numbers will likely turn out to be closer to the truth.

Acknowledgements

Discussions with Peter Napier helped immensely. Obviously James Lamb’s documents (Appendices A and B) also helped considerably, as did discussions with him.

References

Lamb, J.W., A. Baryshev, M.C. Carter, L.R. D’Addario, B.N. Ellison, W. Grammer, B. Lazareff, Y. Sekimoto, & C.Y. Tham, ALMA Receiver Optics Design, MMA Memo 362, 2001 Lamb, J.W., Optimized Optical Layout for MMA 12-m Antennas, MMA Memo 246, 1999 Shillue, B., Gain Degradation in a Symmetrical Cassegrain Antenna Due to Laterally Offset Feeds, MMA Memo 175, 1997

Figure 1: Loss of gain as a function of feed axial offset, in wavelengths.

Figure 2: Loss of gain as a function of feed lateral offset, in wavelengths.

Figure 3: Loss of gain as a function of subreflector axial offset, in wavelengths.

Figure 4: Loss of gain as a function of subreflector lateral offset, in wavelengths.

Figure 5: Loss of gain as a function of subreflector rotation error, in arcminutes, for an observing frequency of 650 GHz (λ ∼ 460 μm).

Appendix A

7

8

9

10

11

12

Appendix B

14

15

16